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Abstract
Using world line fermions Υm± = Υ
m
± (τ) valued in vector representation of
SO (d, 4 − d) with d = 2, 3, 4, we develop a pure fermionic analog of Penrose twistor
construction. First, we show that Fermi antisymmetry requiring
(
Υm±
)2
= 0 can
be solved by using twistor like variables. Then we study the corresponding dual
twistor like field action and show that quantum spectrum exhibits naturally 4D
N = 1 target space supersymmetry. Higher spin world line field solutions of the
constraint (Πms )
2 = 0, s ∈ Z are also discussed.
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1 Introduction
During the few last years, a lot of developments has been made on twistor approach
for describing 4D N = 4 supersymmetric Yang-Mills and 10D superstring theories in
complex projective superspace CP(3|4) [1]-[5], see also [6]-[10] for earlier related works. An
important interest has been given to the study of twistor supersymmetric gauge theory
and stringy extension [11]-[15]. The key issue behind this revival of interest in Penrose
model [16]-[18] is the proposal of [1] where it was shown that the supertwistor space
CP
(3|4) is a Calabi-Yau supermanifold [19]-[28] capturing naturally special properties
of gauge theory correlation functions; in particular planar amplitudes of 4D N = 4
supersymmetric U(N) Yang-Mills theory, and exhibiting the good properties of a target
space for topological string theory on Calabi-Yau threefolds [29]- [35].
Motivated by recent results in this matter and particular aspects of the so called
two-time physics [36], we propose in this paper to set up the basis of a pure world line
fermionic extension of standard Penrose model. Our construction is based on solving the
nilpotency property (Υm)
2 = 0 of the world line fermions Υm = Υm (τ ) by using a Pen-
rose like method. Recall that twistor approach of Penrose is based, amongst others, on
solving the condition (pm)
2 = 0 of a massless particle in 4D- space time. It happens that,
besides the striking analogy between the solutions of (pm)
2 = 0 and (Υm)
2 = 0 and their
underlying twistor world line field formulations, we find moreover that fermionic twistor
like space is a graded superspace capturing four dimension target space supersymmetry
in a wonderful way.
To derive our pure fermionic twistor like model, we shall mimick the standard
twistor derivation of Penrose [16] as reformulated in [1]. The main steps of this construc-
tion can, roughly, be summarized as follows:
(a) The usual real world line free massless field xα˙α (τ ) of standard Penrose twistor model
is now replaced by a free world line fermion Υα˙α (τ). Both of these world line fields are
4-vectors of the real R(d,4−d) space, d = 2, 3, 4, with isometry group SO (d, 4− d) and
diagonal metric ηmn with (d, 4− d) signature.
(b) The role of the conjugate momentum pαα˙ =
(
δSBT
δ∂τxα˙α
)
of the field xα˙α gets played by
παα˙ =
(
δSFT
δ∂τΥα˙α
)
, the fermionic conjugate momentum of Υα˙α. In these relations, SBT =
S
[
X α˙α , p
α
α˙
]
and SFT = S
[
Υα˙α, π
α
α˙
]
stand for the world line field actions of the bosonic xα˙α,
pαα˙ and the fermionic Υ
α˙
α, π
α
α˙ fields respectively.
(c) The role of the zero mass relation p2 = 0 of the free field bosonic theory is now played
by the fermionic nilpotency property π2 = 0 of the fermionic field παα˙. Notice that in
our fermionic analog, there is a subtlety to announce. Besides Tr(π2) = 0, there are two
more constraint eqs one has to deal with. They are given by Tr(Υ2) = 0 and Tr(πΥ) = 0
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and it turns out that they are altogether captured by a local SP (2,R) gauge invariance
to be discussed in section 4.
The next step is to solve the constraint eqs using Penrose method and derive the dual
twistor field action describing the fermionic fields. After that we study the quantization
of this model and shows how 4D target space supersymmetry follows.
The presentation of this paper is as follows: In section 2, we develop a little
bit our motivations and give preliminary results. In section 3, we consider superspace
representations of world sheet n = (1, 1) superalgebra and world line reductions. This
super- invariance allows to make an idea on the basis of our construction and possible
supersymmetric extension. In section 4, we give details on our fermionic twistor like
analog. First we comment the standard Penrose construction for world line bosons.
Then we build the pure fermionic model. In section 5, we solve the constraint eqs and
derive the quantum fermionic twistor like field action. Section 6 is devoted to conclusion
and discussions.
2 Motivations and preliminary results
To make a general idea on our pure fermionic analogue of Penrose twistor construc-
tion and on the method we will use to handle it, let us start by recalling some useful
features. We take also this opportunity to give preliminary results that will be developed
later.
Consider a free world line bosonic field,
xm (τ ) ∼ xα˙α (τ ) , m = 0, 1, 2, 3, α, α˙ = 1, 2 (2.1)
moving inside the real four dimension space Rd,4−d with d = 2, 3, 4. The field action SBT
describing the dynamics of the massless particle reads as,
SBT [x, p, e] =
∫
dτ
(
pm∂τx
m − ep2
)
, (2.2)
where pm is the conjugate momentum of the world line field x
m and e = e (τ) is the
gauge field capturing the constraint eq fixing the mass squared p2 = M2 of the particle
as,
p2 = ηmnpmpn = 0. (2.3)
To handle this equation, we rewrite the 4- component energy momentum vector pm like
a hermitian 2× 2 matrix,
pm ∼ (σm)
α˙
α p
α
α˙ (2.4)
Here pαα˙ is a bi-spinor of the SO (d, 4− d) orthogonal group and the σm’s are the usual
Pauli matrices satisfying the Clifford algebra. The diagonal metric ηmn of R
d,4−d can be
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also expressed in terms of the product of the invariant spinor metrics ǫαβ and ǫα˙β˙. Using
dotted and undotted spinor indices, we can re-express functions involving the 4-vector
pm in terms of 2 × 2 matrix pαα˙. For instance, the quadratic invariant p
2 is mapped to
det (pαα˙) which can be also rewritten as Tr (p
2) with,
Tr
(
p2
)
= ǫαβp
α
α˙p
β
β˙
ǫα˙β˙ = pαα˙.p
α˙
α = p
α˙
α.p
α
α˙,
ǫαβǫ
βγ = δγα, ǫ
α˙β˙ǫβ˙γ˙ = δ
α˙
γ˙ . (2.5)
From classical view, pm = pm (τ ) is a world line field and the equation Tr (p
2) = 0 admits
a remarkable solution given by,
pαα˙ = λ
αλ˜α˙, α, α˙ = 1, 2, (2.6)
where the world line fields λα = λα (τ) and λ˜α˙ = λ˜α˙ (τ) are SO (d, 4− d) spinors with
positive and negative chirality respectively.
λα ∼
(
1
2
, 0
)
, λ˜α˙ ∼
(
0,
1
2
)
. (2.7)
By computing the invariant square Tr (p2) of the solution pαα˙ = λ
αλ˜α˙, we see that the
vanishing condition,
Tr
(
p2
)
= λ2.λ˜
2
= 0, (2.8)
is ensured by requiring
λ2 = ǫαβλ
αλβ , λ˜
2
= ǫα˙β˙λ˜α˙λ˜β˙ (2.9)
to vanish identically; i.e
λ2 = 0 and/or λ˜
2
= 0. (2.10)
This requirement is naturally fulfilled in twistor analysis. Notice that the vanishing
property of the invariant squares of λα and λ˜α˙ (λ
2 = 0 and λ˜
2
= 0) is due to the
antisymmetry property of the dotted and undotted metrics ǫα˙β˙ = −ǫβ˙α˙, ǫαβ = −ǫβα and
because of the commutativity of the Penrose variables [16, 18]-[1, 27, 28],
λαλβ = λβλα, and λ˜α˙λ˜β˙ = λ˜β˙λ˜α˙. (2.11)
However in looking carefully at this solution, one notes a set of remarkable properties
indicating that Penrose representation for pαα˙ = λ
αλ˜α˙ is just a part of a general picture
which should deserve more attention. Below we give three of them; they will be developed
in much more details in forthcoming sections.
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2.1 pαα˙: First member of a field family {Π
α
sα˙ , s ∈ Z }
First note that to solve the condition,
λ2.λ˜
2
= 0, (2.12)
it is, a priori, enough to require λ2 = 0 whatever λ˜
2
is or inversely. But this is not
exactly what happens since we have both λ2 = 0 and λ˜
2
= 0. A careful study shows that
this degeneracy hides in fact a remarkable property which can be used to go beyond the
standard Penrose twistor construction for bosons. In field theory, eq(2.6) can be viewed
as just the leading relation of a family of ”conformal spin” s world line field variables.
A class of these fields is given by the two following infinite sets:
(Π′s)
α
α˙ = λ
α
(
λ˜s
)
α˙
, s = 0, ± 2, ± 4, ..., (2.13)
for world line bosons and by
(Π′s)
α
α˙ = λ
α
(
ζ˜s
)
α˙
, s = ±1, ± 3, ± 5, ..., (2.14)
for world line fermions. In these relations λα is as before; but λ˜sα˙ and ζ˜sα˙ are new fields
with even and odd conformal spins s
2
respectively. As a first result we want to mention
here is that, whatever the value of s, all these (Π′s)
α
α˙’s , s ∈ Z, exhibit the property,
Tr
(
Π′2s
)
= Παα˙.Π
α˙
α = 0, (2.15)
since,
Παα˙.Π
α˙
α = ǫαβΠ
α
α˙Π
β
β˙
ǫα˙β˙ =
{
λ2.λ˜
2
s, s = 0, ± 2, ± 4, ...
λ2.ζ˜
2
s, s = ±1, ± 3, ± 5, ...
, (2.16)
exactly as in eq(2.6). Nilpotency of Παα˙.Π
α˙
α, the invariant square of (Π
′
s)
α
α˙’s is then mainly
due to
λ2 = 0, (2.17)
since for the case of anticommuting ζ˜s’s, the squares(
ζ˜s
)2
= ǫα˙β˙ ζ˜sα˙ζ˜sβ˙ =
1
2
ǫα˙β˙
(
ζ˜sα˙ζ˜sβ˙ − ζ˜sβ˙ ζ˜sα˙
)
6= 0, (2.18)
are non zero. Note that for the world line bosonic subset, we also have(
λ˜s
)2
= 0. (2.19)
and, in addition to pαα˙ = λ
αλ˜0α˙, we shall also use the following typical world line fields
for our QFT model building and its dual twistor like,
Π′α±α˙ = λ
αζ˜±α˙, P
α
±±α˙ = λ
αλ˜±±α˙. (2.20)
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Here ζ˜±α˙ and λ˜±±α˙ are respectively anticommuting and commuting world line fermions
and bosons. Note moreover the following useful properties which can help to get an
overview on a possible stringy extension:
(a) In general, the above result is not only valid for quantum mechanics. These world
line fields can be naturally promoted to world sheet field variables where irreducible
representations of the SO (2, R) rotation group of the real surface (plane) are one di-
mensional. The charges ±q carried by the fields are nothing but the conformal weights
of 2D conformal invariance; see next subsection for technical details.
(b) Along with the set (Π′s)
α
α˙ eqs(2.13-2.14), we have a second family (Π
′′
s)
α
α˙ where the
world line spin is carried by the undotted SO (d, 4− d) spinors of target space. This
family is given by,
(Π′′s)
α
α˙ = (λs)
α λ˜α˙, s = 0, ± 2, ± 4, ..., (2.21)
for world line bosons and by
(Π′′s)
α
α˙ = (ζs)
α λ˜α˙, s = ±1, ± 3, ± 5, ..., (2.22)
for world line fermions. The vanishing condition Tr (Π′′2s ) = 0 is mainly ensured by the
property
λ˜
2
= λ˜α˙λ˜
α˙
= 0 (2.23)
for all values of s.
(c) Both of the families Π′αsα˙ and Π
′′α
sα˙ are in fact two special subsets of the following
general one,
(Πs)
α
α˙ = (fs1)
α g˜s2α˙, s = s1 + s2. (2.24)
Here the condition Tr (Π2s) = 0 is not automatically fulfilled; it is solved whenever at
least one of the two world line (sheet) fields fαs1 and g˜s2α˙ is a boson.
2.2 Παsα˙ (τ) as boundary fields
The above world line field variables, which we denote generically as φ = φ (τ ), may
be given various geometric interpretations. For instance, they may be thought of as the
boundary values,
φ (τ ) = φ
(
σ−, σ+
)
|∂M (2.25)
of world sheet fields φ (σ−, σ+) of a 2d quantum (conformal) field theory (QFT2). Here
σ± = 1
2
(σ0 ± σ1) are the variables parameterizing the Riemann surfaceM with boundary
∂M parameterized by τ . In this view, the previous Παsα˙ (τ)’s are seen as the boundary
values associated with the world sheet fields,
Παsα˙ = Π
α
sα˙
(
σ−, σ+
)
, Παsα˙ (τ ) = Π
α
sα˙
(
σ−, σ+
)
|∂M, (2.26)
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and s gets interpreted as the conformal spin, i.e(
σ+
∂
∂σ+
− σ−
∂
∂σ−
)
Παsα˙ (σ) ∼ sΠ
α
sα˙ (σ) . (2.27)
In section 3, we will give other examples by using reductions of world sheet n = (1, 1)
superalgebra1 with supersymmetric covariant derivatives D+ and D−,
D2∓ ∼
∂
∂σ±
(2.28)
One of these examples is given by interpreting the world line variable τ as the light cone
coordinate,
σ+ =
1
2
(σ0 + σ1) , (2.29)
parameterizing a left moving closed string or equivalently like σ− = 1
2
(σ0 − σ1) for right
moving. An other remarkable example, which we develop in present study, is given by
the association of the τ variable with an extra geometric dimension realizing the central
charge
Z ∼ D+D− +D−D+ (2.30)
of the n = (1, 1) superalgebra; see also eqs(3.1) to fix the ideas. More precisely we have,
Zφ (τ ) =
∂φ (τ)
∂τ
. (2.31)
Before going into technical details, let us say few words about these tools and where they
will be used. This brings us to our next result.
2.3 A pure fermionic model
Part of this paper will be dealing with the derivation of a new pure fermionic twistor
like model. Instead of the massless particle described by the world line field xαα˙ (τ ) and its
conjugate momentum pαα˙ (τ) with Tr (p
2) = 0, we consider rather the world line fermions,
Υα+α˙ = Υ
α
+α˙ (τ ) , Υ˜
α
+α˙ = Υ˜
α
+α˙ (τ ) , (2.32)
together with their conjugate momenta
πα−α˙ = π
α
−α˙ (τ ) , π˜
α
−α˙ = π˜
α
−α˙ (τ ) . (2.33)
Obviously this can be viewed as the simplest case one may consider. Nevertheless,
extensions involving much more fields is straightforward and it turns out that they lead
1As a convention of notations, we use the letter n to refer to number of supercharges of world line
(sheet) supersymmetry. Capital letter N is deserved for target space supersymmetry.
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to extended target space supersymmetry. We sall not study this issue in this paper;
comments will given in the conclusion and discussion section.
We also have the twistor like splitting,
Υα+α˙ = λ
αζ˜+α˙, π
α˙
−α = λαζ˜
α˙
−,
Υ˜α+α˙ = ζ
α
+λ˜α˙, π˜
α
−α˙ = ζ
α
−λ˜α˙. (2.34)
where λα and λ˜α˙ are the usual Penrose variable and ζ
α
± and ζ˜±α˙ are anticommuting world
line fermions,
ζ˜+α˙ζ˜+β˙ + ζ˜+β˙ ζ˜+α˙ = 0,
ζ˜−α˙ζ˜+β˙ + ζ˜+β˙ ζ˜−α˙ = 0, (2.35)
ζ˜−α˙ζ˜−β˙ + ζ˜−β˙ ζ˜−α˙ = 0,
and similar relations for undotted world line spinors. As it is known, the conjugate
momenta πα˙∓α for fermions can be also imagined as just ǫαβǫ
α˙β˙Υβ∓α˙. By substituting the
expressions of Υα+α˙ and π
α
−α˙ back into eqs(2.35), one finds that they satisfy as well the
same anticommutation relations as the ζ’s,
Υα+α˙Υ
β
+β˙
+Υβ
+β˙
Υα+α˙ = 0,
πα˙−αΥ
β
+β˙
+Υβ
+β˙
πα˙−α = 0, (2.36)
πα˙−απ
β˙
−β + π
β˙
−βπ
α˙
−α = 0.
Similar relations are also valid for Υ˜ and Π˜. By taking the trace of these relations and
their tildes, we obtain the following
Tr
(
Υ2+
)
= 0, Tr
(
Υ˜2+
)
= 0
Tr
(
π2−
)
= 0, Tr
(
π˜2−
)
= 0 (2.37)
Tr (π−Υ+) = 0, Tr
(
π˜−Υ˜+
)
= 0.
they are nothing but the field property Tr
(
Υ2±
)
= 0 and partners derived in sub-section
2.1. The pure fermionic world line field action describing the dynamics of these fields is
given,
SF
[
Υ, π, Υ˜, π˜
]
=
∫
R
dτTr
(
πα−α˙
∂
∂τ
Υα˙+α + π˜
α
−α˙
∂
∂τ
Υ˜α˙+α
)
−
∫
R
dτTr
[
η−−
(
Υ2+
)
+ η++
(
π2−
)
+ η+− (π−Υ+)
]
(2.38)
−
∫
R
dτTr
[
η˜−−
(
Υ˜2+
)
+ η˜++
(
π˜2−
)
+ η˜+−
(
π˜−Υ˜+
)]
.
where η±±, η+− and η˜±±, η˜+− are auxiliary world line gauge fields capturing the three
constraint eqs(2.37). We will see later; in particular for the case of real world line
fermions, that these field constraints are captured by a SP (2, R) × SP (2, R) gauge
symmetry.
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2.4 World line (sheet) & target space supersymmetries
In above field action, one notes that the solution (2.34) of the constraint eqs(2.37),
which can be defined also as,
δSF
δηrs
= 0,
δSF
δη˜rs
= 0, r, s = ± (2.39)
involves two kinds of world line field pairs: (i) the world line bosons
λα, λ˜α˙, (2.40)
and (ii) the fermionic partners
ζα+, ζ˜+α˙. (2.41)
If supplementing these twistor like variables by their conjugate momenta namely
µα, µ˜α˙, ζ
α
−, ζ˜−α˙, (2.42)
one sees that these fields altogether form world line supersymmetric multiplets as shown
below, (
λα, ζα+
)
,
(
λ˜α˙, ζ˜+α˙
)
,
(
µα, ζα−
)
,
(
µ˜α˙, ζ˜−α˙
)
. (2.43)
This property shows that the field action (2.38) can be made supersymmetric. In this
subsection, we first give preliminary results on world line (sheet) extensions of our model.
Then we give the link between the pure fermionic model and target space supersymmetry.
2.4.1 World line supersymmetry
In standard Penrose construction, one uses the world line twistor field variables,
λα = λα (τ) , µα˙ = µα˙ (τ) , (2.44)
together with their compagnons with opposite SO (d, 4− d) chiralities, d = 2, 3, 4,
µ˜α = µ˜α (τ ) , λ˜α˙ = λ˜α˙ (τ) . (2.45)
As the intrinsic properties of these spinors depends on the value of d, the structure of the
underlying QFTs is sensitive to these features. For the target space R(2,2) for instance,
the homogeneity group SO (2, 2, R) is locally isomorphic SL (2, R) × S˜L (2, R) and the
above component field spinors are basically real; a specific property making the R(2,2)
analysis a little bit subtle. However, for the spaces R(1,3) and R4, the corresponding
rotation groups SO (1, 3, R) and SO (4, R) are respectively isomorphic to SL (2, C) and
SU (2, C)×SU (2, C) and the fundamental spinors are complex. For the example of the
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SL (2, C) case, the sector with µ˜α and λ˜α˙ eq(2.45) is just the complex conjugate of µ
α˙
and λα, i.e,
µα = (µα˙), λα˙ = (λ
α). (2.46)
This complex nature of the twistor variables plays a crucial role in the algebraic geometry
analysis of twistor space where holomorphic and antiholomorphic sectors factorise.
In general, the field µα˙ = δST
δ∂τ λ˜α˙
(resp. µ˜α =
δST
δ∂τλ
α ) is the conjugate momentum of λ
α
(resp. λ˜α˙), {
λ˜α˙, µ
β˙
}
TPB
= δβ˙α˙, (2.47)
where {f, g}TPB stands for Poisson bracket in twistor space. To make contact with
R(d,4−d) geometry, λα and µα˙ should be compared with the usual phase space variables,
xm ∼ xα˙α (τ ) , pm ∼ p
α
α˙ (τ) (2.48)
with {xm, pn}MPB = δ
m
n being the Poisson bracket.
In the twistor like fermions we are considering here, we have,
ζ˜+α˙ = ζ˜+α˙ (τ) , ξ
α˙
− = ξ
α˙
− (τ ) , (2.49)
with ξα˙− =
δSFT
δ(∂τ ζ˜+α˙)
and where SFT is the field action of the twistor like variables. We
also have {
ζ˜+α˙, ξ
β˙
−
}
TGPB
= δβ˙α˙ (2.50)
where now {f+, g−}TGPB is the graded Poisson bracket in twistor space. These fermionic
variables ζ˜+α˙ and ξ
α˙
− should be thought of as the twistor dual to the world line fermions
in 4- vector of SO (d, 4− d),
Υm+ ∼ Υ
α˙
+α (τ ) , π−m ∼ π
α
−α˙ (τ )
Υ˜m+ ∼ Υ˜
α˙
+α (τ ) , π˜−m ∼ π˜
α
−α˙ (τ ) (2.51)
If forgetting for a while about the world line variable τ , one remarks that the combination
of eqs(2.48-2.51) describe pairs
(
x,Υ+, Υ˜+
)
and (p, π−, π˜−), which can be viewed as
world line supermultiplets,(
xm,Υm+ , Υ˜
m
+
)
, (pm, π−m, π˜−m) , m = 0, 1, 2, 3. (2.52)
A similar conclusion may be done regarding the supermultiplets built out of twistor like
variables λα, ζ˜+α˙, µ
β˙, ξβ˙− and their partners involving the spinors with opposite chirality.
Using the representations,
pm ∼ p
α
α˙ = λ
αλ˜α˙,
π−m ∼ π
α
−α˙ = ζ
α
−λ˜α˙, (2.53)
π˜−m ∼ π˜
α
−α˙ = λ
αζ˜−α˙,
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it is not difficult to check that world line supersymmetric transformations,
δpαα˙ ∼ ε+π
α
−α˙ + ε˜+π˜
α
−α˙,
δπα−α˙ ∼ ε+
dpαα˙
dτ
, δπ˜α−α˙ ∼ ε˜+
dpαα˙
dτ
(2.54)
translate as well to the twistor like space. By substitution, we get δpαα˙ = (δλ
α) λ˜α˙+
λα
(
δλ˜α˙
)
which should be identified with
(
ε+ζ
α
−
)
λ˜α˙ + λ
α
(
ε˜+ζ˜−α˙
)
. Thus we have,
δλα ∼ ε+ζ
α
−, δλ˜α˙ ∼ ε˜+ζ˜−α˙,
δζα− ∼ ε+
dλα
dτ
, δζ˜−α˙ ∼ ε˜+
dλ˜α˙
dτ
. (2.55)
The pure fermionic construction to be developed in this paper may be then viewed as a
sub-sector of the odd part of a super-world line extension of Penrose model.
2.4.2 World sheet supersymmetry
Following the view given by eq(2.25), the above super-world line field model can
embedded in turn in world sheet n = (1, 1) supersymmetric field theory with target space
R(d,4−d). There, generic fields φ are functions of the world sheet variables σ = (σ−, σ+).
The field variables,
xαα˙ = x
α
α˙ (σ) , Υ
α
±α˙ = Υ
α
±α˙ (σ) ,
pαα˙ = p
α
α˙ (σ) , π
α
±α˙ = π
α
±α˙ (σ) , (2.56)
and the corresponding twistor like variables,
λα = λα (σ) , ζα± = ζ
α
± (σ) ,
µα˙ = µα˙ (σ) , ξα˙∓ = ξ
α˙
∓ (σ) ,
λ˜α˙ = λ˜α˙ (σ) , ζ˜±α˙ = ζ˜±α˙ (σ) (2.57)
µ˜α = µ˜α (σ) , ξ˜∓α = ξ˜∓α (σ) ,
form world sheet supermultiplets. We also have the following graded Poisson brackets,{
xαα˙ (σ) , p
β˙
β (σ
′)
}
= δαβδ
β˙
α˙δ (σ − σ
′){
λα (σ) , µ˜β (σ
′)
}
= δαβδ (σ − σ
′){
λ˜α˙ (σ) , µ
β˙ (σ′)
}
= δβ˙α˙δ (σ − σ
′) (2.58){
ζα± (σ) , ξ˜∓β (σ
′)
}
= δαβδ (σ − σ
′){
ζ˜±α˙ (σ) , ξ
β˙
∓ (σ
′)
}
= δβ˙α˙δ (σ − σ
′) ,
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and all remaining others are zero. Typical world sheet supersymmetric transformations
are given by,
δεx
α
α˙ (σ) ∼ iε+Υ
α
−α˙ (σ) + iε−Υ
α
+α˙ (σ)
δεΥ
α
±α˙ (σ) ∼ ε∓∂±±x
α
α˙ (σ) . (2.59)
ε∓ are the parameters of the n = (1, 1) superalgebra to be studied in next section. Similar
transformations may be written down for
(
pαα˙ (σ) , π
α
−α˙ (σ)
)
and the corresponding twistor
like ones.
2.4.3 Target space supersymmetry
The result we give here is that the quantum spectrum of the pure fermionic with
field action SF
[
Υ, π, Υ˜, π˜
]
eqs(2.38) has 4D target space supersymmetry. To derive
4D N = 1 target space supersymmetry, consider the following particular twistor like
fermionic world line field action,
SFT ∼
∫
dτ
[
µ˜α∂τλ
α − ξα˙−∂τ ζ˜+α˙
]
−
∫
dτ
[
µα˙∂τ λ˜α˙ − ξ˜−α∂τζ
α
+
]
. (2.60)
This action has a set of symmetries to be studied in section 5 and lead to N = 1
supersymmetric quantum spectrum in target space coordinated by
{
λα, µα˙
}
. Eq(2.60)
involves two world line fermions ζα− and µ
α˙ together with their conjugate momenta; more
world line spinors leads to 4D target space extended supersymmetry.
Target space supersymmetry is obtained by quantizing the system. This is achieved by
promoting the graded Poisson brackets the phase space variables,{
λ˜α˙, µ
β˙
}
GPB
∼ δβ˙α˙,
{
λα, µ˜β
}
GPB
∼ δαβ ,{
ζ˜+α˙, ξ
β˙
−
}
GPB
∼ δβ˙α˙,
{
ζα+, ξ˜−β
}
GPB
∼ δαβ , (2.61)
into graded canonical commutation relations.[
λ˜α˙, µ
β˙
]
−
∼ δβ˙α˙,
[
λα, µ˜β
]
−
∼ δαβ ,[
ζ˜+α˙, ξ
β˙
−
]
+
∼ δβ˙α˙,
[
ζα+, ξ˜−β
]
+
∼ δαβ . (2.62)
Here [ , ]− and [ , ]+ (to avoid confusion with graded Poisson bracket { , }GPB ) stand
for commutator and anticommutator respectively. Then solve these relations like
µα˙ ∼
∂
∂λ˜α˙
, µ˜α ∼
∂
∂λα
,
ξα˙− ∼
∂
∂ζ˜+α˙
, ξ˜+α ∼
∂
∂ζα−
. (2.63)
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In this representation, the conjugate momenta are then given by differential operators
which act on the wave functions Φ living on a graded space as shown below,
Φ = Φ
(
λα, µα˙| ζα+, ξ
α˙
−
)
. (2.64)
Since ζα+ and ξ
α˙
− are fermions, the waves Φ can be thought of as superfields on the
superspace R(d,4−d|4); and moreover can be expanded as usual into a finite series of
power of ζα− and ξ
α˙
−. These superfields define just off shell representations of the four
dimensional N = 1 supersymmetry,{
D+α,D
α˙
−
}
= 2 Pα˙α,[
Pα˙α,D+α
]
=
[
Pα˙α,D
α˙
−
]
= 0. (2.65)
In twistor like variables, this superalgebra can be realized as,
D+α˙ =
∂
∂ξα˙−
+ ζα+λα
∂
∂µα˙
,
D−α =
∂
∂ζα+
+ ξα˙−µα˙
∂
∂λα
, (2.66)
Pα˙α = λα
∂
∂µα˙
+ µα˙
∂
∂λα
.
To fix the ideas, let us focus on R(1,3|4) superspace and give the example of 4D N = 1
chiral multiplet; similar analysis can be done for gauge multiplet. In this case, λ˜α˙ = λα˙,
ζ˜
α˙
+ = ζ
α˙
+ and eq(2.65) has a chiral representation. The superfield Φ has no dependence
in ξ
α˙
− and its expansion reads as follows,
Ψ
(
λ, µ| ζα+
)
= φ (λ, µ) + ζα+ψ−α (λ, µ) + ζ
2
+F−− (λ, µ) . (2.67)
The component fields (φ, ψα, F−−) are nothing but the scalar multiplet of four dimen-
sional N = 1 superalgebra(2.65). For other supersymmetric representations and explicit
details for the target spaces R(d,4−d), d = 2, 3, 4, see section 5 and eqs(5.57,5.58,5.59).
3 Embedding world line models in 2D superalgebra
Because of geometric interpretation purpose and for later use, we start this section
by discussing briefly the general superspace realization of the world sheet n = (1, 1)
supersymmetric algebra. Then we consider particular cases associated with some special
subsymmetries of this Z2 graded algebra. This helps us to derive the symmetry properties
of the world line fields of the twistor like fermion model.
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Roughly, the n = (1, 1) superalgebra lives on Riemann surfaces M (string world
sheet) and can, roughly, be defined on a local chart of M as,
{D+, D+} = −2a∂++,
{D−, D−} = −2b∂−−
{D±, D∓} = −2cZ (3.1)
[∂±±, Q±] = [∂±±,Z] = [Z, Q±] = 0,
In these relations, the D±’s are the usual supersymmetric covariant derivatives of the
superalgebra and Z is its unique central charge. The latter is ignored in almost all simple
applications; but in a complete analysis it should be taken into account as plays a crucial
role in the analysis of BPS states and non perturbative dynamics. The extra parameters
a, b and c are real numbers used as a trick to recover particular limits. Note in passing
that for the case of n = (1, 1) superalgebra, these extra parameters should be non zero
and can be taken as
a = b = c = 1. (3.2)
Below we want to consider as well particular cases associated with some special limits
which are captured by the singular values of these parameters. Of particular interest is
the set of cases encoded collectively by the solution of the relation,
abc = 0. (3.3)
Representations involving these cases are related to world line supersymmetric represen-
tations and boundary conformal field theory. Let us give below some details.
3.1 Superspace realization
Using standard results on supersymmetric field theories, it is not difficult to see that
the superspace representation of the above superalgebra is given by the following,
D+ = ∂+ − aθ−∂++ − cθ+
∂
∂ς
,
D− = ∂− − bθ+∂−− − cθ−
∂
∂ς
(3.4)
∂± =
∂
∂θ∓
, ∂±± =
∂
∂σ∓
, Z =
∂
∂ς
.
These are superspace differential operators acting on superfields
Φ = Φ (σ, ς, θ) (3.5)
living on the (3|2) dimensional real superspace R(3|2) with supercoordinates,
Z =
(
σ+, σ−, ς | θ+, θ−
)
(3.6)
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The parameters σ+, σ−, ς are commuting variables (C- numbers) and θ± ∼ θ∓ are Ma-
jorana Grassmann coordinates fulfilling
{θ±, θ∓} = 0, {∂∓, θ±} = 1
[σ±, θ±] = 0, [ς, θ±] = 0. (3.7)
Note that ς is an extra real variable realizing the charge Z as a translation operator in
same way as do σ∓ for energy momentum vector P±±. The latters are realized as space
time translations ∂±±. Typical hermitian superfields Φs
(
σ, ς, θ±
)
have the following θ-
expansion,
Φs
(
σ, ς, θ±
)
= φs(σ, ς) + iθ−ψs+1(σ, ς) + iθ+ψs−1(σ, ς) + iθ−θ+Ds(σ, ς). (3.8)
For the special case s = 0, the scalar superfield Φ contains two real bosonic fields, φ and
D and two Majorana fermions ψ±. We also have the expansions,
D+Φ = iψ+ − aθ−∂++φ+ θ+
(
iD − c
∂φ
∂ς
)
+ iθ−θ+
(
c
∂ψ+
∂ς
− a∂++ψ−
)
,
D−Φ = iψ− − bθ+∂−−φ− θ−
(
iD + c
∂φ
∂ς
)
− iθ−θ+
(
c
∂ψ−
∂ς
− b∂−−ψ+
)
, (3.9)
which can be used to build the supersymmetric component field action, see also eq(3.18).
Note that we have used,
(iθ−θ+)
† = iθ−θ+ (3.10)
By making appropriate choices of the parameters a, b and c in eq(3.4), one distinguishes
several cases to recover world line supersymmetry. Besides the case where D− and D+
and ∂−−, ∂++,
∂
∂ς
are identified to D and d
dt
, i.e
D2 =
d
dt
,
[
D,
d
dt
]
= 0, (3.11)
we have moreover the three following word line like sub-superalgebras of eqs(3.1):
(i) Case a = c = 0, b 6= 0
This particular case corresponds to the so called (0, 1) heterotic supersymmetry generated
by {D−, ∂−−}, i.e
{D+, D+} = 0,
{D−, D−} = −2b∂−− (3.12)
{D+, D−} = 0
and can be realized on the (right moving) world line superspace R(1|1) parameterized by(
σ−|θ−
)
. We have
D+ = ∂+, D− = ∂− − bθ+∂−−, (3.13)
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with θ2+ = 0.
(ii) Case b = c = 0, a 6= 0
This situation corresponds to (1, 0) heterotic supersymmetry
{D+, D+} = −2a∂++, (3.14)
generated by D+ and ∂++ and is realized on a (left moving) world line superspace R
(1|1)
as well. The structure of the supersymmetric field theory based on this case is analogous
to the previous one.
(iii) Case a = b = 0, c 6= 0
In this situation, there is no ”light cone” energy momentum,
P++ = P−− = 0, (3.15)
but we do have a non zero central charge contribution. The corresponding world line
superalgebra
{D+, D+} = 0,
{D−, D−} = 0 (3.16)
{D±, D∓} = −2cZ.
This special sub-superalgebra of (3.1) generated by {D±,Z} and is realized on a world
line superspace R(1|2) parameterized by
(
ς | θ+, θ−
)
as follows,
D+ = ∂+ − c θ+
∂
∂ς
,
D− = ∂− − c θ−
∂
∂ς
(3.17)
Z =
∂
∂ς
.
Here there is no dependence in σ± variables.
3.2 Superfield action
According to which kind of the above sub-symmetries one is interested in, we can
write down various world line type supersymmetric field actions. These superfield models
should, a priori, be also derived by starting from the following parent superspace action
S ∼
∫
R(3|2)
d2σdςd2θ
[
1
2
D−ΦD+Φ + iW (Φ)
]
. (3.18)
Then make appropriate reductions as outlined above by keeping track with the imple-
mentation of the constraint eqs to reconstitue missing parts in kinetic terms of (1, 0) and
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(0, 1) heterotic models. In eq(3.18), W (Φ) is the superpotential; in general given by a
polynom in Φ; but here we shall consider a free field theory and so we can ignore it.
Putting the expansion (3.8) back into this superfield action, we get after inte-
grating out the Grassmann variables θ± the following component fields action
S ∼
∫
R3
d2σdς
[
ab
2
∂−−φ∂++φ+
c2
2
(
∂φ
∂ς
)2
−
1
2
D2
]
+
∫
R3
d2σdς
[
a
2
ψ−∂++ψ− −
b
2
ψ+∂−−ψ+
]
(3.19)
+
∫
R3
d2σdς
[
c
2
(
ψ+
∂
∂ς
ψ− − ψ−
∂
∂ς
ψ+
)]
,
where we have exhibited the dependence in the a, b and c moduli. Note that for the
particular case where
a = b = 0, c = 1 (3.20)
the above action reduces, roughly, to the following world line one,
Sreduced
[
φ, ψ±
]
∼
∫
R
dς
[
1
2
(
∂φ
∂ς
)2
−
1
2
D2
]
+
∫
R
dς
[
1
2
(
ψ+
∂
∂ς
ψ− − ψ−
∂
∂ς
ψ+
)]
, (3.21)
where now φ = φ (ς) and ψ± = ψ± (ς). Note also that as expected, the auxiliary field D
is non dynamical and so can be eliminated through its equation of motion, an operation
once done leads to an on-shell supersymmetric field action.
Furthermore letting the supercharges act on the superfield Φ, we can immediately
get the infinitesimal supersymmetric transformations,
δφ ∼ iε−ψ+ + iε+ψ−
δψ+ ∼ iaε−∂++φ+ ε+
(
iD + c
∂φ
∂ς
)
δψ− ∼ ibε+∂−−φ− ε−
(
iD − c
∂φ
∂ς
)
(3.22)
δD ∼ ε−
(
c
∂ψ+
∂ς
− a∂++ψ−
)
− iε+
(
c
∂ψ−
∂ς
− b∂−−ψ+
)
With these tools at hand, we turn now to the main objectif of the present study.
4 Fermionic like model
First we consider the pure bosonic case where the role of the generic field φ will be
played by the target space time coordinates xm and their conjugate momenta pm. Then,
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we study the derivation of the pure fermionic analog of the Penrose twistor model. In
this case, the role of world line fermions ψ± is played by the four components world line
field Υm± .
4.1 Standard twistor model: Review and comments
Roughly, twistor target space formalism allows an alternative description of the dy-
namics of a free massless bosonic particle with 4- energy momentum vector pm satisfying
the usual massless condition ηmnpmpn = 0 with η
mn the (inverse) metric of the real
R(d,4−d) space. As ηmn may have three possible configuration in one to one with the
values
d = 0, 1, 2, (4.1)
we will discuss a special example namely the case of Minkowski space R(1,3). But the
formalism we will give can be also done for the two other cases: R4 and R(2,2). To derive
the twistor gauge model from the usual Minkowski space formulation, we have to proceed
in steps. The key idea can be summarized as follows:
4.1.1 bi-spinors
The first step consists on using SO(1, 3) ≃ SL(2, C) isomorphism to express 4-
vectors of R(1,3) in terms of SL(2, C) spinors. Instead of phase space coordinates xm and
pm, which can be also written as
(
1
2
, 1
2
)
bi-spinors, twistor formalism uses rather(
1
2
, 0
)
, and
(
0,
1
2
)
, (4.2)
spinor fields as fundamental field variables. Before going through technical details, note
first the following useful features:
(i) Given two spinors λα1 and λ
β
2 , α, β = 1, 2, of positive chirality,
λα ∼
(
1
2
, 0
)
, (4.3)
we define the following SL(2, C) invariant
λ1.λ2 = ǫαβλ
α
1λ
β
2 , ǫαβ = −ǫβα (4.4)
Similarly, given two spinors λα˙1 and λβ˙2 of negative chirality transforming in
(
0, 1
2
)
representation, we can build a second SL(2, C) invariant using dotted variables,
λ1.λ2 = ǫ
α˙β˙λα˙1λβ˙2, (ǫ
αβ) = ǫβ˙α˙. (4.5)
For the SO(3, 1) case, eqs(4.4) and (4.5) are related by usual complex conjugation ((λα) =
λα˙ and so on); but in the general SO(p, q) case (p + q = 4), one has to implement
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moreover the special properties of the corresponding spinors.
(ii) Using SL(2, C) spinors, energy momentum vector pm may be represented line in
eq(2.4). In bi-spinor notations, we have
pα
β˙
= λαλβ˙. (4.6)
Note that the correspondence
pm ←→
(
λ, λ
)
is not a one to one; since the gauge change
λα −→ eiθλα
λβ˙ −→ e
−iθλβ˙ (4.7)
with θ ∈ R, leaves eq(4.6) invariant. This symmetry will play a crucial role in the Penrose
twistor model.
4.1.2 Twistor gauge theory
In the second step we introduce Penrose variables
(
λα, µα˙
)
parameterizing the pro-
jective twistor space PT = CP 3. Their complex conjugates
(
µα, λα˙
)
parameterize the
anti-holomorphic sector. The coordinates
(
λα, µα˙
)
are commuting phase space variables
taken in the fundamental representations of the SL (4, C) twistor group. The isodoublet
λα is as before while
µα˙ =
δStwistor
δ
(
∂τλα˙
) (4.8)
is the conjugate momentum of λα˙ with Stwistor being the twistor field action to be given
later on. Quantum mechanically, the variable µβ˙ gets promoted to an operator µβ˙ satis-
fying the canonical commutation relation,[
λα˙, µ
β˙
]
= δβ˙α˙ (4.9)
and may be defined as,
µα˙ = −
∂
∂λα˙
. (4.10)
We will turn later to the implication of these quantum equations, for the moment note
that in the classical setting, the geometric points xα˙β of the real 4D Minkowski space-time
are associated with the so-called incidence relation,
µα˙ = ixα˙βλ
β, µα = iλβ˙x
β˙
α,
(
xα˙β
)
= xβ˙α, (4.11)
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describing a line in the spinor space with ”slope”
(
xα˙β
)
. These eqs may be also viewed
as the solution of the twistor constraint eq,
λα˙µ
α˙ − λαµα = 0, (4.12)
describing a helicity zero massless particle. To see this property, it is interesting to
denote collectively the twistor variables as
Za =
(
λα, µα˙
)
, (4.13)
with index a = α, α˙ and projective symmetry as
Za −→ Za′ = eiθZa (4.14)
Rising and lowering index a can be done by help of the metric
Σab =
(
0 ǫα˙β˙
ǫαβ 0
)
, ΣabΣ
bc = δca. (4.15)
For instance, we have
Za = ΣabZ
b = (µα˙, λα) . (4.16)
Note that the twistor variable Za and its complex conjugate
(Za)† = Za =
(
−µα, λα˙
)
(4.17)
are respectively in 4 and 4¯ representations of the non compact group SU(2, 2, C) ≃
SO(4, 2,R). The latter is the conformal symmetry of the massless (spinless) relativistic
particle in 4D space-time and appears as a hidden invariance in the underlying Minkowski
space lagrangian density. Notice moreover that using eqs(4.11), the following SU(2, 2)
invariant
ZaZ
a = λα˙µ
α˙ − λαµα (4.18)
vanishes identically
ZaZ
a = 0 (4.19)
This constraint eq, which will be derived rigorously later on, can be checked directly by
substituting directly µα˙ and µα by their expressions (4.11). We have λα˙µ
α˙ = i
(
λα˙x
α˙
βλ
β
)
which compensates exactly µαλ
α = i
(
λβ˙x
β˙
αλ
α
)
.
To derive eq(4.19), we have to identify first the twistor field action Stwistor =
S
[
Z,Z
]
. By solving µα˙ = δStwistor
∂τλα˙
eq(4.9) and its complex conjugate and using eqs(4.13),
it is not difficult to see that the manifestly SU(2, 2) invariant Stwistor reads as follows,
Stwistor
[
Z,Z
]
= −
∫
dτ
[
Zai
∂
∂τ
Za
]
, (4.20)
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To check that this relation is indeed the field action of a massless particle of Minkowski
space, we first replace Za and Z
a by λ’s and µ’s in Zai
∂
∂τ
Za. This operation leads to(
λα˙i∂τµ
α˙ − µαi∂τλ
α
)
. Then use incidence relation (4.11) to put the action in the form∫
dτ
(
λβλα˙
) (
∂τx
α˙
β
)
which is nothing but
SMinkowski =
∫
dτ (pµ∂τx
µ) , (4.21)
the usual Minkowski space action of a free massless particle.
Moreover using eq(4.20) and requiring gauge invariance under local projective sym-
metry (4.14), the gauge invariant twistor action becomes
Stwistor
[
Z,Z, V
]
= −
∫
dτ
[
Zai (∂τ − iV )Z
a − 2hV
]
(4.22)
where V is a gauge field and h is a Fayet-Iliopoulous (FI) like coupling constant; it is
just the helicity of the spinning particle. By eliminating the gauge field V through its
equation of motion
δStwistor [V ]
δV
= 0, (4.23)
we rediscover the classical constraint eq(4.18)
∑
a ZaZ
a = 2h which we prefer to rewrite
it as follows, ∑
A
(
ZaZa + ZaZ
a
)
= 4h (4.24)
and from which one recognizes eq(4.18) once h is set to zero.
We end this overview and comments on Penrose twistor gauge theory by say-
ing few words about quantum mechanics. In covariant canonical quantization of above
twistor model, the twistor variable Za (the conjugate momentum of Z
a) gets replaced by
− ∂
∂Za
. As such the twistor space wave functions Ψ(Z) = 〈Z | Ψ〉 are then holomorphic
and homogeneous functions of degree (−2h− 2).
Ψ(eiθZ) = e−i(2h+2)θΨ(Z). (4.25)
This homogeneity feature follows from the quantum promotion of the constraint eq(4.24)
which gets then replaced by,
Za
∂
∂Za
Ψ(Z) = (−2h− 2)Ψ(Z) (4.26)
We turn now to build our fermionic model.
4.2 Fermionic construction
This pure fermionic construction is important for the derivation of fermionic twistor
like theory to be developed in next section. The field model we study here deals with
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the dynamics of world line fermions transforming as well in the 4- dimension space time
and can be viewed as:
(i) the fermionic analog of eqs(2.2,4.21) dual to twistor construction a` la Penrose.
(ii) the fermionic sector of a supersymmetric gauge theory along the lines outlined in
section 2.
Instead of the world line field bosons xα˙β (τ) and p
β
α˙ (τ ) considered above, our pure
fermionic model involves the following ingredients:
(1) Degrees of freedom: The model involves the world line fermions
Υα˙−β (τ) , Υ
α˙
+β (τ) , Υ˜
α˙
−β (τ ) , Υ˜
α˙
+β (τ ) (4.27)
(see eqs(2.34) to fix the ideas). These fields carries two kinds of indices: (a) An index (±)
exhibiting the statistics of Υα˙±β and Υ˜
α˙
±β; they are world line fermions. (b) dotted and
undotted indices (α, α˙ = 1, 2) showing that the fields transform as 4- vectors (bi-spinors)
in one of the three possible R(d,4−d) spaces,
Υm± = (σ
m)αβ˙ Υ
β˙
±α, Υ˜
m
± = (σ
m)αβ˙ Υ˜
β˙
±α. (4.28)
Though stringy applications suggest to consider R(1,3), it is also interesting to consider
also the R(2,2) and R4 cases. Below, we shall mainly focus our attention here on the case
R
(2,2) because of specific properties; in particular because of the two following:
(i) In R(1,3) and R4 with rotation groups SO (1, 3,R) ≃ SL (2,C) and SO (4,R) ≃
SU (2)× SU (2) respectively,
(
1
2
, 0
)
and
(
0, 1
2
)
spinors are complex,
Υ˜m± = (Υ
m
± ). (4.29)
and the underlying twistor space PT splits into holomorphic and antiholomorphic sectors
interchanged under complex conjugation,(
1
2
, 0
)
←→
(
0,
1
2
)
(4.30)
This complex structure is rich from algebraic geometry view and stringy applications, in
particular in topological string on conifold.
(ii) In R(2,2) the rotation group is given by SO (2, 2,R) ≃ SL (2,R)×SL (2,R) and basic
spinors are real. In this case, it is possible to drop out half of the degrees of freedom by
keeping for instance just
Υα˙±β ∼ Υ
m
± , (4.31)
in eqs(4.28).
Note also that since
(
Υm±
)
=
(
Υ0±,Υ
1
±,Υ
2
±,Υ
4
±,
)
are fermions, the square of each
component Υm± vanishes individually,(
Υm±
)2
= 0, m = 0, 1, 2, 3. (4.32)
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Moreover since the metric ηmn is diagonal we also have
ηmnΥ
m
±Υ
n
± ∼ ǫ
αβǫα˙β˙Υ
α˙
−αΥ
β˙
+β = 0. (4.33)
Similar relations may be written down for Υ˜m± .
(2) Field action: The pure fermionic field action SF describing the dynamics of the
free fields Υα˙±α and Υ˜
α˙
−α is given by, see also eq(3.21),
SF
[
Υ, Υ˜
]
=
∫
R
dτ
[
1
2
(
Υα˙−α
∂
∂τ
Υβ˙+β −Υ
β˙
+β
∂
∂τ
Υα˙−α
)
ǫαβǫα˙β˙
]
+
∫
R
dτ
[
1
2
(
Υ˜α˙−α
∂
∂τ
Υ˜β˙+β − Υ˜
β˙
+β
∂
∂τ
Υ˜α˙−α
)
ǫαβǫα˙β˙
]
. (4.34)
Note in passing that, under some hypothesis on chirality, the second line may dropped
out. Note also that comparing SF , which can be also written as
SF [Υ±, ∂τΥ±] ∼
∫
R
dτ
[
ηmn
(
Υm−
∂
∂τ
Υn+
)]
+
∫
R
dτ
[
ηmn
(
Υ˜m−
∂
∂τ
Υ˜n+
)]
, (4.35)
with its Bose analog eq(4.21), one learns the naive correspondence,
xn −→ Υn+, Υ˜
n
+
pm −→ Υ−m, Υ˜−m. (4.36)
(3) The conjugate momentum variables πβ−α˙ and π˜
β
−α˙,
πβ−α˙ (τ) =
δSF
δ
(
∂Υα˙+β
) , π˜β−α˙ = δSF
δ
(
∂Υ˜α˙+β
) . (4.37)
By using the above expression of SF , we get
πα−α˙ = −ǫ
αβǫα˙β˙Υ
β˙
−β, π˜
α
−α˙ = −ǫ
αβǫα˙β˙Υ˜
β˙
−β. (4.38)
This relation shows that the fermionic fields Υβ˙+β, Υ˜
β˙
+β and Υ
β
−β˙
, Υ˜β
−β˙
are conjugate to
each other. So to avoid confusions, it is interesting to re-parameterize the above fermionic
field action as follows:
SF
[
Υ, π,Υ˜, π˜
]
=
∫
R
dτTr
(
πα−α˙
∂
∂τ
Υα˙+α + π˜
α
−α˙
∂
∂τ
Υ˜α˙+α
)
(4.39)
Note also because of the fermionic nature of the πα−α˙’s and like for eq(4.33), we have here
also the nilpotency property
Tr
(
π2−
)
= πα−α˙π
α˙
−α = 0, Tr
(
π˜2−
)
= π˜α−α˙π˜
α˙
−α = 0. (4.40)
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Since the pairs
(
Υβ˙+β, π
α
−α˙
)
and
(
Υ˜β
+β˙
, π˜α−α˙
)
play quite similar role, we shall fix our
attention on one of them, say
(
Υβ˙+β, π
α
−α˙
)
with field action
SF [Υ, π] =
∫
R
dτTr
(
πα−α˙
∂
∂τ
Υα˙+α
)
, (4.41)
then give the results for
(
Υ˜β
+β˙
, π˜α−α˙
)
whenever needed.
4.2.1 Basic symmetries
In the case of R(2,2) geometry, the field action SF has the following remarkable and
manifest symmetries:
(1) SO (2, 2,R) ∼ SL (2,R)× SL (2,R) global invariance.
(2) Invariance under the real scaling transformation
Υα˙+α −→ e
+υΥα˙+α
πα−α˙ −→ e
−υπα−α˙. (4.42)
with a global real parameter υ ∈ R. It captures the spin of the world line fields and has
also a world sheet interpretation in string theory.
Moreover promoting this symmetry to a local one, that is υ = υ (τ) or equivalently,
∂υ
∂τ
6= 0, (4.43)
then gauge invariance requires that the above field action (4.41) should be extended as,
SFG [Υ+, π−,A] ∼
∫
dτTr
[
πα−α˙
(
∂
∂τ
−AτT0
)
Υα˙+α
]
(4.44)
where A = A (τ ) is the gauge field associated with the above real scaling invariance. In
this relation, T0 is the generator of the scaling symmetry (4.42) and acts on the fields
Υ+ and π− like: [
T0,Υ
α˙
+α
]
= +
1
2
Υα˙+α,
[
T0, π
α
−α˙
]
= −
1
2
πα−α˙. (4.45)
The meaning of this gauge invariance can be made transparent by noting that the gauge
field Aτ do not propagate and so it is an auxiliary field. Eliminating it through its
equation of motion
δSFG
δAτ
= 0, (4.46)
we get the following constraint eq,
Tr
(
πα−α˙Υ
α˙
+α
)
= 0. (4.47)
But this equation is a familiar QFT relation; it captures the antisymmetry property of
Fermi like fields as it can be seen by using the cyclic property of trace, Tr
(
πα−α˙Υ
α˙
+α +Υ
α˙
+απ
α
−α˙
)
=
0.
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Theorem 1
In pure fermionic phase space with canonical coordinate fields Υα˙+α (Υ˜
α˙
+α) and conju-
gate momenta πα−α˙ (π˜
α
−α˙), the free field action SFG (S˜FG) has a local SP (2,R) gauge
invariance capturing the three Fermi field antisymmetry properties
Tr
(
πα−α˙Υ
α˙
+α
)
= 0
Tr
(
πα−α˙π
α˙
−α
)
= 0 (4.48)
Tr
(
Υα+α˙Υ
α˙
+α
)
= 0.
These are just the constraint relations derived above; see eqs(4.33,4.40,4.47). Similar
relations are also valid for Υ˜β
+β˙
and π˜α−α˙.
4.2.2 More on SP (2,R) gauge invariance
Before giving the SP (2,R) gauge invariant field action, we begin by recalling some
useful tools on the real group SP (2,R) and some aspects of its representations. Its
Lie algebra sp (2,R) is three dimensional with generators T−−,T0 and T++ satisfying the
commutation relations,
[T−−, T++] = 2T0,
[T0, T++] = T++, (4.49)
[T0, T−−] = −T−−,
where ∆ = 2T0 is the operator counting the charges of SP (2,R) field representations.
In particular we have,
[∆, T±±] = ±2T±±,
[
∆,Υα˙+α
]
= +Υα˙+α,
[
∆, πα−α˙
]
= −πα−α˙. (4.50)
There are different ways to realize this real symmetry; one of these ways is given by the
following left moving wold sheet differential operators,
T−− =
∂
∂σ+
, T0 = σ
+ ∂
∂σ+
, T++ = σ
+2 ∂
∂σ+
. (4.51)
from which one can read immediately their scaling behaviours under global the transfor-
mations σ+ −→ e2υσ+,
T ′−− = e
−2υT−−, T
′
0 = T0, T
′
++ = e
2υT++. (4.52)
The T0,±±’s can be also realized as 2×2 matrices when acting on two component vectors
This is the case which interests us here. The 2-vector is given by (Υ+, π−) and the T0,±±
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matrices act as,
[T++,Υ+] = 0, [T−−, π−] = 0
[T−−,Υ+] ∼ π−, [T++, π−] ∼ Υ+ (4.53)
[T0,Υ+] = +
1
2
Υ+, [T0, π−] = −
1
2
π−
We come now to derive the general expression of the classical field action SFG [Υ+, π−,B]
extending eq(4.44) and recovering the constraint eqs(4.48). This action has an SP (2,R)
gauge invariance and reads as,
SFG [Υ+, π−,B] ∼
∫
dτ
(
Tr
[
πα−α˙
(
∂
∂τ
− Bτ
)
Υα˙+α
])
(4.54)
where now the gauge field Bτ is valued in the sp (2,R) algebra, i.e,
Bτ = Bτ ,0T0 + Bτ ,−−T++ + Bτ ,++T−−. (4.55)
Eq(4.54) can be put into a more condensed form by using the SP (2,R) spinor Γi = ǫijΓj
with i = +,−, ǫ+− = 1; that is
Γi = (π−,−Υ+) , Γ
i =
(
Υ+
π−
)
, (4.56)
We have
SFG [Γ,B] ∼
∫
dτ
(
1
2
Tr
[
Γiαα˙
(
ǫij
∂
∂τ
− (Bτ )(ij)
)
Γjα˙α
])
(4.57)
From which one can re-express the constraint eqs(4.48) using the world line Γ fields.
Similar results are valid for the twild sector Γ˜ and B˜.
5 Twistor like dual
To build the twistor representation dual to the above the pure fermionic model, we
proceed as in bosonic case. Below, we summarize the steps of the procedure:
5.1 Solve the constraint eqs
First solve the constraint eqs(4.48) by using fermionic twistor like variables. Fol-
lowing the idea outlined in introduction and using preliminary results of section 2; then
mimicking the usual bosonic twistor analysis, it is not difficult to see that the solution
of the constraint eqs is given by,
Υα˙+α = λαζ
α˙
+, Υ˜
α˙
+α = ζ+αλ
α˙
πα−α˙ = λ
αζ−α˙, π˜
α˙
−α = ζ−αλ
α˙, (5.1)
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where, for simplicity, we have set dropped out the hats on the fields; ζ˜
α˙
± ≡ ζ
α˙
± and
λ˜
α˙
≡ λα˙. In this solution, the λα’s (λ
α˙’s) are commuting world line bosons with the usual
property (λαλ
α) = 0; the same λα’s as in section 3. The ζ
α˙
±’s (ζ±α’s) are anticommuting
world line fermions capturing the Fermi statistics of Υα˙+α and π
α
−α˙ (Υ˜
α˙
+α and π˜
α
−α˙). By
substituting the above solution in the anticommutator,{
Υα˙+α, π
β
−β˙
}
= 0, (5.2)
we get in a first stage
{
λαζ
α˙
+, λ
βζ−β˙
}
= λαλ
β
{
ζ α˙+, ζ−β˙
}
and so the following identities,{
ζ−α˙, ζ
β˙
+
}
= 0,
[
λα, λ
β
]
= 0,
[
λα, ζ
β˙
±
]
= 0, (5.3)
showing that Υα˙+α is built out of the product of boson λα with positive SO (2, 2, R)
chirality and a world line fermion with negative SO (2, 2, R) chirality. The opposite
combination corresponds exactly to πα−α˙.
Moreover, notice that the solution (5.1) is not unique since arbitrary changes of the
SO (2, 2, R) spinors of the form
λα → λα′ = eϕλα,
ζ α˙± → ζ
α˙′
± = e
−ϕζ α˙±, (5.4)
with ϕ = ϕ (τ) is an arbitrary real number; ϕ ∈ R, leaves eqs(5.1) invariant. This
transformation corresponds to the usual complex projective symmetry of bosonic twistor
space. Notice also that under the scaling transformations Υα˙+α → e
υΥα˙+α and π
α
−α˙ →
e−υπα−α˙ eqs(5.1), we have moreover,
λα → λα, ζ α˙± → e
±υζ α˙±, (5.5)
and should not be confused with eq(5.4). As this symmetry captures just the Fermi
statistics of the ζ±’s, we shall forget it and then focus our attention in what follows on
the real projective invariance (5.4). This symmetry plays a crucial role in the derivation
fermionic twistor like model and its quantization.
5.2 Twistor field action SFT
To build the fermionic twistor like field action SFT dual to eq(4.34) and derive the
underlying gauge constraint eqs, we start by introducing the projective twistor variables
za, wa, (5.6)
for the fermionic twistor like theory. Next we derive the field action SFT = SFT [za,wa]
of the classical model and consider then its quantization.
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Roughly, twistor variables are twistor phase space coordinates, given in the case
of a massless particle moving in R(1,3), by
λα, µα˙; µα, λα˙, (5.7)
where µα˙ = δSBT
δ∂τλα˙
and µα =
δSBT
δ∂τλ
α . It happens that these twistor variables split into
complex homogeneous holomorphic variables
za =
(
λα, µα˙
)
∈ CP 3, (5.8)
and their complex antiholomorphic ones za =
(
λα˙, µα
)
. In the case of a massless particle
moving in the R(2,2) geometry, the analysis is a little bit different for the two following:
(i) Spinors of SO (2, 2,R) target space group are real; so the corresponding twistor space
is real and apparently there is no holomorphic and anti-holomorphic like splitting as in
the complex case. However, we do still have the two sectors given by
(
Υα˙+α, π
α
−α˙
)
and(
Υ˜α˙+α, π˜
α
−α˙
)
, but stable under complex conjugation. More precisely, we have for the(
Υα˙+α, π
α
−α˙
)
sector the twistor like variables,(
λ1, λ2, ξ−1˙, ξ−2˙, ν1, ν2, ζ
1˙
+, ζ
2˙
+
)
∈ WRP (3|4)(+1,+1,+1,+1,−1,−1,−1,−1), (5.9)
where (+1,+1,+1,+1,−1,−1,−1,−1) stand for the weight vector of the scaling trans-
formation of the super multiplet
(
λα, ξ−α˙, να, ζ
α˙
+
)
. The space WRP
(3|4)
(++++−−−−) stands
for the weighted real projective supermanifold. For
(
Υ˜α˙+α, π˜
α
−α˙
)
sector, we have the
following projective supercoordinates,(
ζα+, ν
α˙, ξ−α, λα˙
)
. (5.10)
In first sector bosons λα and να are in
(
1
2
, 0
)
representation of SO (2, 2,R) while in the
second, λα˙ and ν
α˙ are in
(
0, 1
2
)
. Fermions have the opposite chirality.
(ii) The real field variables (
λα, λα˙| ζ
α
+, ζ+α˙
)
, (5.11)
and their conjugate momenta, (
να, ν
α˙ | ξ−α, ξ
α˙
−
)
. (5.12)
are related as,
να =
δSFT
δ (∂τλ
α)
, να˙ =
δSFT
δ (∂τλα˙)
,
ξ−α =
δSFT
δ
(
∂τζ
α
+
) , ξα˙− = δSFTδ (∂τζ+α˙) . (5.13)
and parameterize the full phase space of the fermionic twistor like model,
Ephase =
{
λα, λ+α˙, να, ν
α˙|ζα+, ζ
α˙
+, ξ−α, ξ−α˙
}
, (5.14)
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These variables satisfy the following graded canonical relations,
{λα, νβ}GPB = δ
α
β ,
{
λ+β˙, ν
α˙
}
GPB
= δα˙
β˙{
ζα+, ξ−β
}
GPB
= δαβ ,
{
ζ α˙+, ξ−β˙
}
GPB
= δα˙
β˙
, (5.15)
where the graded Poisson bracket {f, g}GPB, of generic functions f = f
(
λ, ν|ζ+, ξ−
)
and
g = g
(
λ, ν|ζ+, ξ−
)
living on twistor space, is defined as
{f, g}GPB =
(
∂f
∂λα
∂g
∂να
−
∂f
∂να
∂g
∂λα
)
+
(
∂f
∂ζα+
∂g
∂ξ−α
+
∂f
∂ξ−α
∂g
∂ζα+
)
+
(
∂f
∂λ+α˙
∂g
∂ν α˙
−
∂f
∂ν α˙
∂g
∂λ+α˙
)
+
(
∂f
∂ζ α˙+
∂g
∂ξ−α˙
+
∂f
∂ξ−α˙
∂g
∂ζ α˙+
)
. (5.16)
For convenience and later use, it is interesting to combine these variables into super-
coordinates as,
za =
(
λα | ξα˙−
)
, z˜a =
(
ζα+ | ν
α˙
)
,
wb =
(
νβ | ζ β˙+
)
, w˜b =
(
ξβ− | λ
β˙
)
. (5.17)
With these super variables, the real projective transformations of the twistor superspace,
λα → e+ϕλα, ζα+ → e
+θζα+,
να → e
−ϕνα, ξ−α → e
−θξ−α,
ζ α˙+ → e
−ϕζ α˙+, λα˙ → e
−θλα˙, (5.18)
ξ−α˙ → e
+ϕξ−α˙, ν
α˙ → e+θν α˙,
combine as as follows,
za → e+ϕza, z˜a → e+θz˜a,
wa → e−ϕwa, w˜a → e−θw˜a. (5.19)
Note that the parameters ϕ and θ are a priori independent, unless if the momentum
vector,
pαα˙ = λ
αλ˜α˙ (5.20)
is required to be invariant under (5.18). In this case, we should have the identity,
ϕ = θ. (5.21)
Note also that within the
(
Υα˙+α, π
α
−α˙
)
sector eq(5.9), the twistor like variables
(
λα, ξ−α˙, να, ζ
α˙
+
)
splits into blocs as follows,
za =
(
λα | ξα˙−
)
∈ RP (1|2)(+1,+1,+1,+1),
wb =
(
νβ | ζ β˙+
)
∈ RP (1|2)(−1,−1,−1,−1). (5.22)
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Moreover using the identities (5.13), the component twistor field action reads, up to
gauge coupling terms type ξ∓α˙V ζ
α˙
± to be given later, as follows,
SFT =
c1
2
∫
dτ [να∂τλ
α − λα (∂τνα)]
−
c′1
2
∫
dτ
[
ν α˙∂τλα˙ − λα˙
(
∂τν
α˙
)]
−
c2
2
∫
dτ
[
ξα˙−∂τζ+α˙ + ζ+α˙
(
∂τξ
α˙
−
)]
(5.23)
+
c′2
2
∫
dτ
[
ξ−α∂τζ
α
+ + ζ
α
+
(
∂τξ−α
)]
.
The number c1, c
′
1, c2 and c
′
2 are determined by requiring this action to coincide with
the action (4.39),
SFT
[
Υ, π, Υ˜, π˜
]
=
∫
R
dτTr
(
πα−α˙
∂
∂τ
Υα˙+α + π˜
α
−α˙
∂
∂τ
Υ˜α˙+α
)
. (5.24)
This requirement allows also to determine the fermionic analog of the Penrose incidence
relation (4.11). Setting,
να = π
α˙
−αζ+α˙,
ξ−α˙ = π
α
−α˙λα, , (5.25)
and similarly
ξα− = π˜
α
−α˙λ
α˙,
να˙ = π˜α˙−αζ
α
+. (5.26)
Then putting back into eq(5.23), we get for the integrand
(
να∂τλ
α + c1ξ−α˙∂τζ
α˙
+
)
the
following,
πα−α˙ζ
α˙
+∂τλα + π
α
−α˙λα∂τζ
α˙
+ (5.27)
provided
c1 = c2 = 1. (5.28)
A similar result is valid foe the twild sector. Moreover using the supervariables za and
wb, one can rewrite the previous twistor field action as follows,
SFT [z,w,z˜, w˜] =
1
2
∫
dτ
[
wb∂τz
a −
(
∂τw
b
)
za
]
ωab
+
1
2
∫
dτ
[
w˜b∂τ z˜
a −
(
∂τ w˜
b
)
z˜a
]
ωab (5.29)
with metric ωab given by
ωab =
(
ǫαβ 0
0 ǫα˙β˙
)
, ωba =
(
ǫβα 0
0 ǫβ˙α˙
)
. (5.30)
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From these eqs, one reads a set of features; in particular the following:
(1) the variable wa = ωabw
b is the conjugate momentum of za and so we have amongst
others, {
za,wb
}
GPB
= ωba,{
za, zb
}
GPB
= {wa,wb}GPB = 0, (5.31)
where ωab stands for the inverse of ωba; that is ω
abωbc = δ
a
c . We also have for generic
functions f = f (z,w,z˜, w˜) and g = g (z,w,z˜, w˜), the following
{f, g}GPB = ω
ba
(
∂f
∂za
∂g
∂wb
− (−)|a|.|b|
∂f
∂wb
∂g
∂za
)
+ωba
(
∂f
∂z˜a
∂g
∂w˜b
− (−)|a|.|b|
∂f
∂w˜b
∂g
∂z˜a
)
, (5.32)
where |a| ≡ grad (a) with,
grad (a) =
{
grad (α) = 0
grad (±α˙) = 1
(5.33)
(2) Eq(5.29) is manifestly invariant under global projective transformations (5.19) and
SL (2|2, R) supergroup of the twistor supermanifold RP (1|2).
5.3 Quantum constraints
Promoting the projective transformations (5.18-5.19) to local ones ϕ = ϕ (τ ); θ =
θ (τ) that is ∂τϕ 6= 0, ∂τθ 6= 0, then gauge invariance of the field action (5.29) requires
implementation of real gauge fields,
Vτ (τ) ≡ V (τ) , V˜τ (τ) ≡ V˜ (τ) (5.34)
with gauge transformations
V′ = V+ ∂τϕ,
V˜′ = V˜ + ∂τθ.
Thus, the action (5.29) extends as,
SFT
[
z,w,V,z˜, w˜, V˜
]
=
1
2
(∫
dτ
[
wbDτz
a −
(
Dτw
b
)
za
]
ωab
)
+
1
2
(∫
dτ
[
w˜bD˜τ z˜
a −
(
D˜τ w˜
b
)
z˜a
]
ωab
)
(5.35)
+
∫
dτ2hV+
∫
dτ2h˜V˜
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where the gauge covariant derivatives are given by,
Dτz
a = (∂τ −V) z
a, Dτw
b = (∂τ +V)w
b (5.36)
and
D˜τ z˜
a =
(
∂τ − V˜
)
z˜a, D˜τ w˜
b =
(
∂τ + V˜
)
w˜b (5.37)
The constants h and h˜ are a priori real coupling constants; they take discrete values at
quantum level. Since V and V˜ are non propagating fields, their elimination by using the
equations of motion
δSFT
δV
= 0,
δSFT
δV˜
= 0
and lead to the following constraint eqs,
ωabw
bza − 2h = 0
ωabw˜
bz˜a − 2h˜ = 0 (5.38)
or equivalently by using (5.17),(
ναλ
α − ζ+α˙ξ
α˙
−
)
− 2h = 0(
ν α˙λ
α˙ − ζ+αξ
α
−
)
− 2h˜ = 0 (5.39)
Note that by substituting να and ξ
α˙
− and similarly να˙ and ξ
α
− by the relations (5.25)
associated with helicity zero particles (h = 0, h˜ = 0), one finds that
(
ναλ
α − ζ+α˙ξ
α˙
−
)
and(
να˙λ
α˙ − ζ+αξ
α
−
)
vanish identically. Note also that eq(5.38) can be also rewritten as,
ωab
(
wbza + (−)|a|.|b| zawb
)
− 4h = 0,
ωab
(
w˜bz˜a + (−)|a|.|b| z˜aw˜b
)
− 4h˜ = 0 (5.40)
Quantum mechanically, the graded bracket
{
za,wb
}
GPB
= ωba of classical twistor model
gets replaced by a graded commutator,[
Za,Wb
}
= ZaWb + (−)|a|.|b|WbZa = ωba. (5.41)
A similar relation is valid for the twild variables. Eq(5.41) and its twild analog may be
solved like,
Za = za, Wb = (−)|a|.|b| ωba
∂
∂za
,
Z˜a = z˜a, W˜b = (−)|a|.|b| ωba
∂
∂z˜a
. (5.42)
At quantum level, the classical constraint eqs(5.40) are replaced by operators acting on
states | Ψ
h,h˜
> of the Hilbert space of the fermionic twistor like system. More precisely,
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we have,
ωab
(
WbZa + (−)|a|.|b| ZaWb
)
| Ψ
h,h˜
>= 4h | Ψ
h,h˜
>,
ωab
(
W˜bZ˜a + (−)|a|.|b| Z˜aW˜b
)
| Ψ
h,h˜
>= 4h˜ | Ψ
h,h˜
>, (5.43)
or equivalently by using Ψ (z, z˜) =< z, z˜ | Ψ >,
ωab (−)
|a|.|b|
[
ωba + 2 (−)|c|.|b| ωbcza
∂
∂zc
]
Ψ
h,h˜
(z, z˜) = 4hΨ
h,h˜
(z, z˜) ,
ωab (−)
|a|.|b|
[
ωba + 2 (−)|c|.|b| ωbcz˜a
∂
∂z˜c
]
Ψ
h,h˜
(z, z˜) = 4hΨ
h,h˜
(z, z˜) . (5.44)
The first term of this relation
∑
(−)|a|.|b| ωabωba is proportional to the supertrace of 4×4
matrix,
Str
(
ωabω
ba
)
= Str
(
I 0
0 I
)
, (5.45)
which vanishes identically. So one is left with the following,(
λα
∂
∂λα
+ ξα˙−
∂
∂ξα˙−
)
Ψ
h,h˜
(z, z˜) = 2hΨ
h,h˜
(z, z˜) ,(
να˙
∂
∂ν α˙
+ ζα+
∂
∂ζα+
)
Ψ
h,h˜
(z, z˜) = 2h˜Ψ
h,h˜
(z, z˜) (5.46)
showing that twistor space wave functions Ψ
h,h˜
(z, z˜) are homogeneous superfunctions of
degree
(
2h, 2h˜
)
,
Ψ(e+ϕz, e+θz˜) = e+(2h+2h˜)ϕΨ(z, z˜). (5.47)
Charge quantization of scaling symmetry requires 2h and 2h˜ to be integer,
2h ∈ Z, 2h˜ ∈ Z, (5.48)
in agreement with local properties of quantum field theory requiring helicity to take half
integer values. Moreover, wave function Ψ
h,h˜
(z, z˜) = Ψ
h,h˜
(
λα, να˙|ζα+, ξ−α˙
)
can be viewed
as superfields with expansions type (2.67). We have
Ψ(z, z˜) = φ+ ζα+ψ−α + ξ−α˙ψ
α˙
+ + ζ
2
+F−− + ξ
2
−F++ + ζ
α
+ξ−α˙A
α˙
α
+ξ2−ζ
α
+χ+α + ζ
2
+ξ−α˙χ
α˙
− + ζ
2
+ξ
2
−∆ (5.49)
where the component fields are as φ = φ
h,h˜
(
λα, να˙
)
and so on. Using the transformation
laws (5.19,5.47), one can write down the corresponding ones for the component fields.
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5.4 Comments
Here we want to make three comments regarding the study developed above:
(1) The analysis done for the R(2,2) case with group SO (2, 2) can be naturally extended
for Minkowski R(1,3) and Euclidean R4 geometries with rotation groups SO (1, 3) and
SO (4) respectively. For the case of R(1,3), spinors are in SL (2, C) and the correspon-
dence between generic superfield (5.49) and 4D N = 1 supersymmetry representations
is manifest.
(2) Target space supersymmetry is generated by the following superspace translations,
δζα+ ∼ ε
α
+,
δξ−α˙ ∼ ε−α˙,
δλα ∼ ζα+ε−α˙ν
α˙ (5.50)
δν α˙ ∼ ξα˙−ε
α
+λα
where εα+ and ε−α˙ are the target space supersymmetric parameters. These transforma-
tions are motivated by group covariance and dimensional arguments. Putting these naive
transformations back into eq(5.49), we can get the supersymmetric transformations of
the target space field variables. For the leading component fields, we have the following
transformations,
δφ ∼ εα+ψ−α + ε−α˙ψ
α˙
+
δψ−α ∼ 2ε+αF−− + ε−α˙
(
να˙
∂
∂λα
φ−Aα˙α
)
, (5.51)
δψα˙+ ∼ 2ε
α˙
−F++ + ε
α
+
(
λα
∂
∂ν α˙
φ+ Aα˙α
)
,
and so on. Now performing a second supersymmetric transformation on δφ with super-
symmetric parameters ε′+α and ε
′
−α˙, we have δ
′δφ ∼ εα+δ
′ψ−α+ ε−α˙δ
′ψα˙+. Then replacing
δ′ψ−α and δ
′ψα˙+ by their expressions, we get
δ′δφ ∼
[
2εα+ε
′
+αF−− + ε
α
+ε
′
−α˙
(
να˙
∂
∂λα
φ−Aα˙α
)]
+
[
2ε−α˙ε
′α˙
−F++ + ε−α˙ε
′α
+
(
λα
∂
∂ν α˙
φ+ Aα˙α
)]
(5.52)
From this relation, one can compute the commutator [δ′, δ]φ, we find
[δ′, δ]φ ∼
(
εα+ε
′
−α˙ − ε
α′
+ε−α˙
)
ν α˙
∂
∂λα
φ
+
(
ε−α˙ε
′α
+ − ε
′
−α˙ε
α
+
)
λα
∂
∂ν α˙
φ
+2
(
εα+ε
′
+α − ε
α′
+ε+α
)
F−− + 2
(
ε−α˙ε
′α˙
− − ε
′
−α˙ε
α˙
−
)
F++ (5.53)[(
ε−α˙ε
′α
++ε
α′
+ε−α˙
)
−
(
ε′−α˙ε
α
++ε
α
+ε
′
−α˙
)]
Aα˙α.
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But this relation may be simplified by using the following identities,
εα+ε
′
+α = ε
α′
+ε+α,
ε−α˙ε
′α˙
− = ε
′
−α˙ε
α˙
−,
ε−α˙ε
′α
+ = −ε
α′
+ ε−α˙, (5.54)
ε′−α˙ε
α
+ = −ε
α
+ε
′
−α˙(
εα+ε
′
−α˙ − ε
α′
+ε−α˙
)
= −
(
ε′−α˙ε
α
+ − ε−α˙ε
′α
+
)
.
Taking into account these features, one ends with the result,
[δε′, δε] φ ∼ −
(
ε′−α˙ε
α
+ − ε−α˙ε
′α
+
)
P α˙α φ, (5.55)
with
P α˙α = ν
α˙ ∂
∂λα
+ λα
∂
∂ν α˙
. (5.56)
This supersymmetric transformation should be hold also by the remaining component
fields. As such target space supersymmetry can be defined in the twistor like space
described above as follows,{
D−α,D
α˙
+
}
= 2 Pα˙α,[
Pα˙α,D−α
]
=
[
Pα˙α,D
α˙
+
]
= 0. (5.57)
Using the twistor like variables
(
λα, να˙, ζ
α
+, ξ−α˙
)
, this superalgera can be realized as,
Dα˙+ =
∂
∂ξ−α˙
+ ζα+λα
∂
∂ν α˙
,
D−α =
∂
∂ζα+
+ ξ−α˙ν
α˙ ∂
∂λα
, (5.58)
Pα˙α = ν
α˙ ∂
∂λα
+ λα
∂
∂ν α˙
.
Note that the above realization is not the unique one in twistor like space; we have in
addition two more ”chiral” ones. The first one corresponds to,
Dα˙+ =
∂
∂ξ−α˙
,
D−α =
∂
∂ζα+
+ 2ξ−α˙ν
α˙ ∂
∂λα
, (5.59)
Pα˙α = ν
α˙ ∂
∂λα
.
and the second one is given by the representation,
Dα˙+ =
∂
∂ξ−α˙
+ 2ζα+λα
∂
∂ν α˙
,
D−α =
∂
∂ζα+
, (5.60)
Pα˙α = λα
∂
∂ν α˙
.
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Note also that in chiral eqs, the original energy momentum vector Pα˙α =
(
ν α˙ ∂
∂λα
+ λα
∂
∂να˙
)
of eqs(5.58) has been split into two parts. Each part appears in one of the two chiral
realizations; i.e να˙ ∂
∂λα
in (5.59) and λα
∂
∂να˙
in (5.60).
(3) The twistor like projective transformations (5.18) can be restricted by using the
identity (5.21). In this case, the gauge fields V (τ ) and V˜τ (τ) get identified and so the
field action reduces to,
SFT [z,w,z˜, w˜,V] =
1
2
(∫
dτ
[
wbDτz
a −
(
Dτw
b
)
za
]
ωab
)
+
1
2
(∫
dτ
[
w˜bDτ z˜
a −
(
Dτ w˜
b
)
z˜a
]
ωab
)
(5.61)
+
∫
dτ2hV.
By eliminating V through its equation of motion, we get the following constraint eq,
ωabw
bza + ωabw˜
bz˜a − 2h = 0 (5.62)
or equivalently by using (5.17),(
ναλ
α − ζ+α˙ξ
α˙
−
)
−
(
ν α˙λ
α˙ − ζ+αξ
α
−
)
− 2h = 0 (5.63)
This constraint eq can be also rewritten as,
ωab
[(
wbza + (−)|a|.|b| zawb
)
+
(
w˜bz˜a + (−)|a|.|b| z˜aw˜b
)]
− 4h = 0 (5.64)
and at quantum level it gets promoted to,
ωab
[(
WbZa + (−)|a|.|b| ZaWb
)
+ W˜bZ˜a + (−)|a|.|b| Z˜aW˜b
]
|Ψ〉 = 4h |Ψ〉 . (5.65)
In differential representation Z = z, W ∼ ∂
∂z
and so on, this constraint reads as,
ωab (−)
|a|.|b|
[
(−)|c|.|b| ωbcza
∂
∂zc
+ (−)|c|.|b| ωbcz˜a
∂
∂z˜c
]
Ψ (z, z˜) = 2hΨ (z, z˜) . (5.66)
where we have used the identity
∑
(−)|a|.|b| ωabω
ba = 0. So one is left with the following,(
λα
∂
∂λα
+ να˙
∂
∂ν α˙
+ ζα+
∂
∂ζα+
+ ξα˙−
∂
∂ξα˙−
)
Ψ (z, z˜) = 2hΨ (z, z˜) (5.67)
showing that twistor space wave functions Ψ(z, z˜) are homogeneous superfunctions of
degree 2h, Ψ(e+ϕz, e+ϕz˜) = e+2hϕΨ(z). Charge quantization requires 2h to be integer.
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6 Conclusion and discussion
In this paper, we have developed a pure fermionic twistor like model capturing in
a remarkable way the link between world line (world sheet) supersymmetry and target
space one. This model describes a field theoretic system based on solving the nilpotency
property
Υ2± = ǫα˙β˙ǫ
αβΥα˙±αΥ
β˙
±β = 0, α, α˙ = 1, 2, (6.1)
of world line fermions type Υα˙±α = Υ
α˙
±α (τ ) and can be viewed as the analogue of the
standard Penrose model for a massless particle moving in 4D space time R(d,4−d) with
d = 2, 3, 4.
The construction involves three main levels:
(1) Start with the world line field action SF = SF [Υ] of a fermionic particle parameter-
ized by the world line fields Υα˙±α and Υ˜
α˙
±α. The latter fields (Υ˜
α˙
±α), which is predicted
by the solving of the constraint eq(6.1), see also (6.5), have been supplemented in order
to cover the full spectrum of 4D target space supersymmetry.
(2) Borrow techniques from Penrose formalism to solve eq(4.9) and then use the un-
derlying free twistor like fields to build the fermionic twistor like model with action
SFT = SFT [λ,ζ, µ, ξ] dual to the previous SF one. Here λ, ζ, µ and ξ stand respectively
for the twistor like world fields λα (τ) , ζα± (τ), µ
α˙ (τ ) and ξ±α˙ (τ) together with their
canonical conjugate. These fields were shown to be the projective coordinates of a su-
pertwistor space whose explicit structure depends on the signature of target space time
geometry R(d,4−d).
(3) Quantize canonically the twistor like free fields and solve the underlying quantum
gauge constraints to finish at the end of the analysis with superfields describing 4D
N = 1 target space supersymmetric representations. Fermionic twistor like models with
4D extended supersymmetry are also possible; they require implementation of more
world fermions.
Among the basic results of this study we would like to mention the two following:
(i) Penrose construction dealing with massless particles xm = xm (τ) moving in 4D space-
time R(d,4−d) with energy momentum pm ∼ pαα˙ turns out to be apply to more general
systems. The point is that the usual Penrose incidence relation µα˙ = ixα˙βλ
β eq(4.11) as
well as the representation,
pαα˙ = λ
αλα˙, (6.2)
solving the condition p2 = 0 have infinitely many analogues with the desired features.
For instance, eq(6.2) is nothing but the leading term of a large class of world line fields
belonging to the field family,(
Π(s1,s2)
)α
α˙
= (fs1)
α (gs2)α˙ , s = s1 + s2 = 0,±1,±2, ... . (6.3)
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The Π(s1,s2) fields with s1s2 6= (2n+ 1) capture all the required properties of p
α
α˙ needed
for the building of twistor QFT. Like for pαα˙, the quadratic invariant Π
2
(s1,s2)
of these
bispinors is given by
Π2(s1,s2) = f
2
s1
.g2s2, (6.4)
and vanishes identically whenever at least one of the world line fields fs1 = fs1 (τ) or
gs2 = gs2 (τ ) is a boson. The next leading terms in the above family coming after p
α
α˙,
and which is associated with the level s1 + s2 = 0, corresponds obviously to taking,
s1 + s2 = ±1. (6.5)
Thus we have the four following,(
Π(±1,0)
)α
α˙
= ζα± λ˜α˙ ∼ Υ
α˙
±α(
Π(0,±1)
)α
α˙
= λα ζ˜±α˙ ∼ Υ˜
α˙
±α. (6.6)
Because of the identities λαλα = 0 and λ˜α˙λ˜
α˙
= 0, these world line fields obey the Fermi
nilpotency property,
Tr
(
Π2(±1,0)
)
= 0, Tr
(
Π2(0,±1)
)
= 0, (6.7)
capturing the known antisymmetry property of fermions wave function. In our concern,
these relations are thought of as the analogue of the condition p2 = 0 for massless
particles in target space- time R(d,4−d), and so we can use Penrose method to deal with
them.
(ii) Though the field action of the first level of the construction, (see also (4.34-4.39),
SF ∼
∫
R
dτ
[
1
2
(
Υα˙−α
∂
∂τ
Υβ˙+β −Υ
β˙
+β
∂
∂τ
Υα˙−α
)
ǫαβǫα˙β˙
]
+
∫
R
dτ
[
1
2
(
Υ˜α˙−α
∂
∂τ
Υ˜β˙+β − Υ˜
β˙
+β
∂
∂τ
Υ˜α˙−α
)
ǫαβǫα˙β˙
]
, (6.8)
involves only world line fermions Υα˙±α and Υ˜
α˙
±α (no world line bosons x
α˙
α nor its conjugate
momentum pα˙α ), its twistor like dual namely,
SFT ∼
∫
dτ
[
1
2
(να∂τλ
α − λα∂τνα)−
1
2
(
να˙∂τλα˙ − λα˙∂τν
α˙
)]
+
∫
dτ
[
1
2
(
ξ−α∂τζ
α
+ + ζ
α
+∂τξ−α
)
−
1
2
(
ξα˙−∂τζ+α˙ + ζ+α˙∂τξ
α˙
−
)]
. (6.9)
involves however bosonic (λα, να, λα˙, ν
α˙ ) and fermionic (ζα+, ξ−α, ζ+α˙, ξ
α˙
−) twistor like
fields; thanks to the splitting (6.6). This feature, which shows that eq(6.8) is just a part
of more general picture (see also last paragraph of this discussion); should be viewed as
a novelty in twistor field theory. The reason is that starting with eq(6.8) and solve the
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underlying constraint eqs, one discovers that the quantum spectrum of the dual fermionic
twistor like model has automatically 4D target space supersymmetry.
In the end, we would like to note that the fermionic twistor construction de-
veloped in this paper depends on the signature of 4D target space R(d,4−d) since corre-
sponding spinors exhibit different properties. In the present study we have given explicit
details for the case of particles moving in target space R(2,2); the extension to the others
geometries is straightforward. There, one also has the power of algebraic complex geom-
etry. Note also that our analysis applies as well to world sheet fields and heterotic (1, 0)
and (0, 1) QFT2 models along the line described in sections 2 and 3. Note moreover
that, though enough to recover 4D target space time supersymmetry, our pure fermionic
model is in fact not completely independent from the standard Penrose bosonic one.
Both of them may be viewed as just two parts of a world line supersymmetric theory.
There, the fields Υα˙±α can be viewed as the fermionic partners of x
m ∼ xα˙α, that is in-
terchanged under world line supersymmetry, δsusyx
α˙
α = ε∓Υ
α˙
±α and so on. This idea has
been discussed shortly in present paper (sections 2 and 3). It would be interesting to
deeper this issue for world line fields; but also for strings. Progress in this direction will
be reported elsewhere.
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